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1 Introduction 

Composition operators on the Hardy space if 2 have given rise to a lot of 
papers since the beginning of the seventies (see [TT] and [2], and references 
therein, for an overview until the middle of the eighties). In particular, criteria 
of compactness ([12|. [10]) or of membership in Schatten classes ([8] [9]) were 
found. But only few concrete examples of such operators were known (see [13] . 
[I], [1], [H])- In Hi we constructed explicit examples of compact composition 
operators C^: H 2 — > H 2 which are, or not, in some Schatten classes S p . On 
the other hand, we study in [6] composition operators on Hardy-Orlicz spaces 
if*, and characterize their compactness. In this paper, we shall continue our 
investigation of composition operators on Hardy-Orlicz spaces, and study for 
which Orlicz functions * the explicit examples of [7] are compact. 

Let us describe more precisely the content of this paper. 

In Section [3] and Section |4j we consider the Hardy-Orlicz space if* besides 
the Hardy space if 2 , and we prove that for every Orlicz function \& which does 
not satisfy the condition A 2 , there exists a symbol such that is compact 
on if 2 , but not compact on if* (Theorem 13- l[i . When the Orlicz function 
^ grows fast enough, we can ensure, beyond the non compactness of on 
if*, that, for every p > 2, : if 2 — > if 2 is moreover in the Schatten class S p 
(Proposition l3.4p . But if W does not grow too fast, this is not possible: ifC^ € S p 
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for some p > 0, we must have the compactness of on if* (Proposition 13, 3p , 
When \& grows very fast, i.e. satisfies the condition A 2 , we show that may 
be in S p for every p > 0, although is not compact on if* (Proposition 14. ip ; 
conversely, if is compact on if*, then must be in 5 P for every p > 
(Proposition I4.2|) . 

In Section we then characterize (Theorem 15 . 1|) the Orlicz functions \& 
for which the composition operator C^, which appeared in [7], Section 5, is 
compact on if* . When \& grows fast enough (in particular if W satisfies the so- 
called condition A 1 ), then C^ e is not compact on if* (Theorem 15. 2p : this gives, 
in particular, an improvement of Proposition 13.41 This characterization allows 
us to get the following striking result (Theorem I5.3|) : there exists an Orlicz 
function \& such that if 3+e C if* C if 3 for every e > 0, and a composition 
operator which is compact on if 3 and on if 3+e , but not compact on if*. 



2 Notation 

We shall denote by D the open unit disk of the complex plane: D = {z£ 
C; \z\ < 1}, and by T = OB its boundary: T = {z G C; |z| = 1}. We shall 
denote by m the normalized Lebesgue measure on T. 

For every analytic self-map <j>: D —> D, the composition operator is the 
map / i— ► f°(f>. By Littlewood's subordination principle (see [3], Theorem 1.7), 
every composition operator maps continuously every Hardy space H p (p > 0) 
into itself, as well as ([6], Proposition 3.12) the Hardy-Orlicz spaces if* (see 
below for their definition). 

For every ^GT and < h < 1, the Carleson window W(£, h) is the set 
W(£,h) = {z 6D; \z\ > 1 - h and | arg(z£)| < h}. 
For every finite positive measure /i on D, one sets: 

Pli (h)=Bupn\W(t,h)]. 

We shall call this function p M the Carleson function of /i. 

When <j>: B — > D is an analytic self-map of D, and \i — m<j, is the pullback 
measure defined on D, for every Borel set BCD, by: 

m (B)=m(UeT; (/>*(£) € S}), 

where </>* is the boundary values function of 0, we shall denote p m , by p^. In 
this case, we shall say that p,), is the Carleson function of <j). 

For a > 1, we shall say that /i is an a-Carleson measure if p^Qi) < /i Q . For 
a = 1, /x is merely said to be a Carleson measure. 

The Carleson Theorem (see [3], Theorem 9.3) asserts that, for 1 < p < oo 
(actually, for < p < oo), the canonical inclusion : if p — > L p (p) is bounded 
if and only if [i is a Carleson measure. Since every composition operator C$ is 
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continuous on H p , it defines a continuous map j<f,: H p — > L p (fj,<p); hence every 
pull-back measure ji^ is a Carleson measure. 

When C<f, : H 2 — > iJ 2 is compact, one has, as it is easy to see: 

(2.1) |0*| < 1 a.e. on <9D. 

Hence, we shall only consider in this paper symbols <fi for which l|2.ip is satisfied 
(which is the case, as we said, when is compact on H 2 ). Recall ( <j). Theo- 
rem 4.3) that, for every Orlicz function 'J, as defined below, C§ : H 2 — > ii 2 is 
compact whenever : if* — * H is. 

B. MacCluer ([10], Theorem 1.1) has shown, assuming condition (|2.ip . that 
C<p is compact on ii p if and only if p<f,(h) = o(h), as h goes to 0. 

Throughout this paper, the notation f ~ g will mean that there are two con- 
stants < c < C < +oo such that cf(t) < g(t) < Cf(t) (for i sufficiently near of 
a specified value), and the notation f(t) < g(t), when i is in the neighbourhood 
of some value to, will have the same meaning as g = 0(f). 

Note that, in this paper, we shall not work, most often, with exact inequali- 
ties, but with inequalities up to constants. It follows that we shall not actually 
work with true Carleson windows W(£, h), but with distorted Carleson windows: 

W(£,h) ={z GB; |*| > 1-ah and | arg(zf)| < bh}, 

where a, b > are given constants. Since, for a given symbol <f>, one has: 

m^(W((,ch)) < m$(W{£,h)) < m^WfaC h)) 

for some constants c = c(o, b) and C = C(a, b) which only depend on a and b, 
that will not matter for our purpose. 

Let us now recall the definition of the Hardy-Orlicz spaces. 

An Orlicz function is a non-decreasing convex function \& : [0, oo] — > [0, oo] 
such that ^(0) = and W(oo) = oo. To avoid pathologies, we assume that the 
Orlicz function ^ has the following additional properties: \& is continuous at 0, 
strictly convex (hence increasing), and such that 

— ► oo. 

X x — >oc 

This is essentially to exclude the case of $(x) = ax. 

The Orlicz space L* (T) is the space of all (equivalence classes of) measurable 
functions /: T — > C for which there is a constant C > such that: 

and then ||/||*, the Luxemburg norm, is the infimum of all possible constants 
C such that this integral is < 1. The Hardy-Orlicz space if* is the space of all 
/ € H 1 such that the boundary values function /* of / is in L (T), We refer 
to [6], Section 3 for more details. 
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3 Orlicz functions without condition A2 



In [6], Corollary 3.26, we showed that for every Orlicz function 'J/ which 
satisfies the growth condition A 2 , there exists a symbol (p : D — > B which induces 
a compact composition on if 2 , but a non-compact composition operator on if*. 
We shall generalize this below. Recall that an Orlicz function ^/ satisfies the A2 
condition if there exists a constant C > such that ^(2x) < C^{x) for x large 
enough. 

Theorem 3.1 For every Orlicz function ^ which does not satisfy the condition 
A2, there exists an analytic self-map (f>: D — > D such that is compact on if 2 
but not compact on if*. 

Proof. "J" ^ A2 means that limsup *ff^ = +00. We can hence find a sequence 

x — >oo 

(x n ), which increases to +00, such that fg^y increases to +00. 

Set h n = g^-y and c„ = w^^j ■ B Y construction, (h n ) n and (c„)„ decrease 
to 0. We may assume that c n < tt, n > 1. 

We are going to construct an analytic function </>: D — > D such that: 

(3.1) P<f ,(h)=o(h), 
but: 

(3.2) P4>{h n ) > c n h n , for all n > 1. 

Condition (|3.1|l will ensure that : if 2 — > if 2 is compact, by MacCluer's 
theorem, and condition (|3.2p . which reads: 



will ensure (by [6], Theorem 4.11), that C^: if* — ► if* is not compact. 

For that purpose, we shall use the "general construction" made in [7j, § 3.2. 
Let us recall this construction. 
Let 

OO 

(3.3) f{t) = ^a fe cos(fci) 

fe=0 

be an even, non-negative, 27r-periodic continuous function, vanishing at the 
origin: /(0) = 0, and such that: 

(3.4) / is strictly increasing on [0, tt]. 
The Hilbert transform (or conjugate function) Jif of / is: 



k=l 
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We shall assume moreover that, as t tends to zero: 
(3.5) (Hf)\t)=o{l/t\ 



Let now F : D — > 11+ = {Die z > 0} be the analytic function whose boundary 
values are: 

(3.6) F*(e it ) = f(t)+iHf(t). 
One has: 

oo 

F(z) = ]Ta fc z fe , \z\<l, 

k=0 

and we define: 

(3.7) $(z) = exp ( - F(z)) , zeD. 
Since / is non-negative, one has: 

XeF(z) = ^ J f(t)P z (t)dt>0, 

P z being the Poisson kernel at z, so that |$(z)| < 1 for every z S D: $ is an 
analytic self-map of D, and |$*| = exp(— /) < 1 a.e. . Note that the condition 
/(0) = means that $*(1) = 1, so that ||$||oo = 1. 
We then perturb <I> by considering: 

(3.8) M(z) = exp ( - i±i) , |z|<l, 
and 

(3.9) 0(z) = M(z)$(z), |z|<l. 
We proved in [7], Lemma 3.6, that 

(3-10) hf- 1 {h)< P 4h)<hf- 1 {2h) 
when /i tends to 0. 

We shall now rely on the following simple lemma, whose proof is postponed. 

Lemma 3.2 Let (h n ) and (c„) be two decreasing vanishing sequences of positive 
numbers, with < h n < n, < c„ < ir. 

There exists an even 2tt -periodic C 2 function f : M — * K such that: 

1) = an d f * s strictly increasing on [0, 7r]; 

2) f(cn) < ^n, /or aZZ n > 1. 
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We are in the situation of the general construction, and by([3|), we have: 
P<p (h) = 0(hf- 1 (2h)) = o(h), 

since /~ 1 (2/i) — > as h ^ 0. MacCluer's criterion implies that : H 2 — > H 2 
is compact. On the other hand, again implies that 

P<f>(K) <; Kf^iK) ^ C n h n , 

by Lemma I3T21 

Therefore (|3.2p holds, and this ends the proof of Theorem 13.11 □ 

Remark. Actually, we do not use that / is C 2 , but only that it is continous. 
However, if / € C 2 , then /" G 1%^) and it follows, by the Cauchy-Schwarz 
inequality, since f"(k) — (ik) 2 f(k), that YlkLo ^ l/WI < +°°) hence both / and 
Hf are C 1 functions, and we proved in [7], Lemma 3.5, that then the Carleson 
function p$ of $ is not o (/i) when /i goes to 0, and so the composition operator 
C$: H 2 -> i? 2 is not compact, although |$*| = |0*| on SB and C : if 2 -> F 2 
is compact. 



Proof of Lemma l3.2L Let ho = cq = ir, and <p: [0, 7r] 
such that: 



be a step function 



(3.11) 



n= 1,2,. 



</?(*) (it = ft,„ , 

We can take <p(t) — ^z^f^ f° r * € ( c i+i) c i)) J = 0> 1 

oc 
oo 



f 



since then: 
^( t) dt = ^( Ci -c, +1 )^-^±l 

, — Cj — Cj+i 



Let now /: 
given by: 



be the even 27r-periodic function whose values on [0, tt] are 



/(*) 



This function is clearly C 2 , with 



/"(*) 



(t — u) 3 ip(u) du. 



(t — u)ip(u) du, 



and /(0) = /'(0) = /"(0) = 0; it is strictly increasing on [0,7r], and 

/(Cn) = — o / ( c « - rfw < -4 / ip{u)du< / ip(u)du = h n , 
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due to l|3.1ip . Therefore / fulfills all the requirements of Lemma [321 D 

Remark. It is not clear whether one can ensure in Theorem 13.11 that the 
composition operator is moreover in some Schatten class S p for p < oo. It would 
be the case, by [7], Corollary 3.2, if one can construct a symbol cf> such that its 
pull-back measure m$ is a-Carleson for some a > 1. This can be obtained if 
we can construct, in Lemma [3721 our function / such that / w (0) + for some 
N > 1, since then f(h) w h N and f~ x {h) w h}l N , and </> would be a-Carleson 
with a = 1 + jj, which would imply that £ S p for p > 2N. However, 
in general, we cannot obtain that f^ N \0) ^ for some N > 1. Indeed, take 
^(x) = e^ los ' x+1 ^ — 1; then h n — ^} exp [ — (logx n ) 2 ] , whereas, since 

*(2x) « exp [(logs) 2 ] exp(21ogx), 

one has c„ = y(2x\ ~ ex P( — 2 logir n ), so that /i„ = o(c^) for every TV < oo. 
Since /(c„) < 7i n , all the possible derivatives of / at must be zero. 

Besides, when ^ does not grow too fast, one has the following result. 

Proposition 3.3 Let \& be an Orlicz function such that, for every A > 1, one 
has, as x goes to infinity: 

(3.12) V(Ax) = 0(*(a;)(log*(a;)) £ ) , Ve > 0. 

Then, if Cp £ S p for some p > 0, £/ie composition operator C$ : if — > if* is 
compact. 

Remark. If the condition (|3.12p is satisfied for some A > 1, it is actually 
satisfied for every A > 1. In fact, &(Ax) = 0(^(x)(logW(a;)) ) implies that 

*(A 2 a;) = 0(*(x)(log*(x)) 2e ), and we can replace A by A 2 , A 4 , A s , ...Note 
also that we can replace the big-oh assumption by a little-oh one: if the propo- 
sition holds with a little-oh condition, it also holds with a big-oh one, because, 
for every e' > 0, if one has (|3.12[) . then, with e < e': 

X] ' [ Ar) T <K e (log^(x)Y^' ^ 0. 



4-(a0(log*(a0)° x ^°° 
Proof. If Ccj, £ S p , then, by [7j, Proposition 3.4, one has: 

*w = (npf) ■ 

with 5 = 2/p > 0. Then, ((3TT2|) with x = ^(l/h), gives: 

( 1 \ ( \ \ ( I 



^(x)[log^(x)]V \9{Ax)J {.^(A^-^l/h)); ' 
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which implies, by [BJ, Theorem 4.18, that is compact on H . □ 
For example, we have ([3.12P if, for x large enough: 
9 (x) = exp ( log x log log log x) . 

In fact, one has: 



V(Ax) 
T 7 , = exp 



. log(loga; + logA) 

(log a;) log — 

log log X 



exp ( log A log log log(Ax)) , 



and exp (log A logloglog(Ax)) = ( loglog(Ac)) losA , whereas 

log(log x + log A) = log log x + log ^1 + < log log z + 

so: 



log x I log a; 



log(logx + logA) / logA \ logA 

log : : < log I 1 + : : : < 



log log X V log X log log Xl ~ log X log log X 

Hence: 

-iW< ex P h—T ) (loglog(Ac)) <( log log Ac ) 

w(a;) vloglogx/ 

which gives p,12p since, for every e > 0: 

(loglog^a-))' ^ = o((\ogxY) = (pog ¥(*)]*). 



On the other hand, if we require that the Orlicz function \& grows sufficiently, 
we have: 

Proposition 3.4 Assume that the Orlicz function \P satisfies the condition: 

(3 - 13) t?» >0 ' 
/or some A > 1. 

Then, for every p > 2, there exists an analytic self-map <fi: D — > D swc/i i/iai 
C*0: ff 2 — » _ff 2 is in the Schatten class S p , but \ — ► i?* is noi compact. 

Note that condition (|3 . 13[) if not satisfied when \& € A2, or for the Orlicz 
function *(x) = e^ ^ 1 )) 2 - 1, i.e. « exp ((log a:) 2 ). 

Proof. Condition (|3 . 13[) implies that there exist some <5 > and a sequence of 
positive numbers x n increasing to infinity such that: 

> S > for all n>l. 
[*(^)] 2 " 



S 



If one sets h n — . , one has: 
(3.14) h 2 n > 



Now, take a such that - + 1 < a < 2, and consider the symbol <j> = <f>2 con- 
structed in [7], Theorem 4.1. Its composition operator : if 2 — > H 2 belongs to 
S P ([7j, Theorem 4.2). On the other hand, C<f, : JJ* — * if* is not compact, by [6], 

Theorem 4.18, since pAh) ~ h a and hence pAh n ) is not o [ — — — ; — -rr 

V*[-4* _:L (l/^n)] 

by lETIil . □ 

Condition l|3.13p is a weaker growth condition than condition A 2 . Recall 
(see [6], § 2.1) that the Orlicz function \& satisfies the condition A 2 if, for some 
A > 1, one has [^(x)] 2 < if! (Ax) for x large enough. But condition A 2 can be 
re-stated as: 

(3.15) liminf r .V ' > 0. 

V ' x^oo [*(x)] 2 

Indeed, if one has [^(a;)] 2 < *f>(Ax) for x large enough, one obviously has 
liminf x _ >00 ^Ay 2 > 1. Conversely, let <$ = liminf a: _ >00 m£m ■ If ^ > 1, one 
clearly have [^(a;)] 2 < ^f!(Ax) for x large enough. If < 8 < 1, then, for x large 
enough: 

[f(x)} 2 < ^(Ax) < , 
by the convexity of since 2/8 > 1. Hence \& € A 2 (with constant 2A/8). 



4 Orlicz functions with condition A 2 

When ^ € A 2 , we have proved in [6], Corollary 3.26 a better result than 
the one in Proposition 13.41 Whenever fe A 2 , there exists a symbol 4>: D — > ID) 
smc/i i/iai i/ie composition operator C<p : H 2 — > if 2 is Hilbert- Schmidt, whereas 
Ccf, : if* — » if* is noi compact. 

We have this improvement: 

Proposition 4.1 Lei $ 6e an Orlicz function satisfying condition A 2 . Then, 
there exists a symbol 4> such that C<f, : H 2 — ► H 2 belongs to S p for every p > 0, 
but such that : if* — * if* is not compact. 

Proof. We shall use a lens map. One can find a definition of such maps in 
|llj . page 27, but we shall use a slight variant of it: we shall use the same 
construction as in [7], Theorem 5.1 and Theorem 5.6, but with f(z) = z 1 ! 2 
instead of f$(z) — z(—logz) e or f(z) = z log(— log z). We shall recall this 
construction at the beginning of the next section. Note that SHefre'") 1 ' 2 = 
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yfr cos(a/2) is positive (|a| < 7r/2), so the associate symbol <j> maps D into 
itself. 

As in the proof of (7j, Theorem 5.1, we need only to consider f(it), with 
t > 0. But f(it) = exp (i log f + if ) , so: 

9te/(it) = Vicos(7r/4) = and Jm/(ii) = \/isin(7r/4) = \ftj2. 

Let us estimate p<p{h). The condition |9te/(zt)| < h implies t £ [—2h 2 ,2h 2 ], 
and, just using the modulus constraint, we get p$(h) < h 2 . For the converse, 
ift G [-2/i 2 ,2/i 2 ], we have |9te/(it)| < h and |3m/(«i)| < h; then exp (/(it)) 
belongs to a window centered at 1 and with size Ch. Hence h 2 < p<j,(h), and 
therefore p<j>(h) « /i 2 . 

It follows that C^: if* — > if* is not compact if \& £ A 2 . In fact, since 
\& £ A 2 , there is some ^4o > 1 such that ^(Aox) > [^(a;)] 2 for x large enough. 
We get, with x = * _1 (l//i): 

i <e 

*(A V-i(l/h)) ~ 
If were compact on if*, we should have ([6], Theorem 4.11): 

which is not the case. 

On the other hand, is in S p for every p > 0. Indeed, </>(e ! *) is in the 
dyadic Carleson window: 

W»j = {zeH; l-2-«<H<l, |^< a rg(z)<^±i^}, 

(j = 0, 1, ... , 2™ — 1, n = 1, 2, . . .) if and only if, for h n = 2~ n , one has, up to 
constants: 

t<2h 2 n and j 2 h 2 n <t<(j + l) 2 h 2 n . 
This is possible for at most a fixed number, say N, of values of j; hence: 

oo 2 11 — 1 oo 

J2 E 2" p/2 m (^ nj f/ 2 < 7VE 2 " P/2 W( 2 "")) P/2 

n—1 j—0 n—1 

oo oo 

< N V 2™p/ 2 2" 2 " p/2 = AT V 2~ np/2 < +oo. 

n—1 n—1 

Then Luecking's theorem ([8]) and [7], Proposition 3.3 imply that e S'p. □ 

Now, in the opposite direction, one has proved in [6], Theorem 3.24, that if 
Cfj, is compact on if , with f £ A 2 , then C$ € S P (H 2 ) for every p > (though 
we only stated that € Si). We have the following improvement. 
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Proposition 4.2 Let^ be an Orlicz function satisfying condition A 2 . Assume 
that Ctf, is compact on if . Then is an a-Carleson measure, for every a > 1, 
and hence C$ € S p for every p > 0. 

Proof. Since * <E A 2 , there is some A > 1 such that ^(A x) > [f(x)} 2 , for x 
large enough. Hence, for every positive integer n, one has ^>(Aqx) > [^(x)] 2 . 
Taking x = ^(l/h) , one gets: 

*(^-i(i/^))>_L. 

Now, if is compact on if*, one has, by [6], Theorem 4.11, 1), with A = Aft: 

P * {k) ~ V(A^-i(l/h)) ; 

therefore p<t,(h) < h 2 " , and is a 2™-Carleson measure. 

The last assertion now follows from |7|, Corollary 3.2. □ 

5 Case of the symbols 4>o 

In [7], Section 5, we considered composition operators C$ g which are, for 
every 9 > 0, compact on if 2 , and hence on H p for every p < oo. We are now 
going to examine when these composition operators are compact on if . 

Let us recall how the 0g's are constructed. 

For 9tez > 0, consider the principal determination of the logarithm log z. 
For e > small enough, the function fg(z) = z(-logz) 6 has strictly positive 
real part onf E = {zeC; > and \z\ < e} and 9\efg(z) > for all 

z £ dV e \ {0}. Now, if ge is the conformal mapping from D onto V £> which maps 
T = dB onto dV e , and with ge(l) = and g' g (l) = — e/4, we set: 

0e = cxp(-/ e o g g ). 

4>g maps D into itself and |(/>g| < 1 on <9B \ {1}, and we proved ([7], Proposi- 
tion 5.3) that: 

(5-1) ^"(loIW' 



Now, recall ([6], Theorem 4.18) that C<j, e is compact on if* if and only if, 
for every A > 0: 

By (HU), that gives, with it = ty- x (l/h): 
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Theorem 5.1 The composition operator C^ e is compact on ET 9 if and only if 
for every A > I, one has: 

(5.2) 9(Au) = o(*(w)[log*(u)] e ) , asu->oo. 

For example, for every 9 > 0, C^ e is compact on 77* if \&(x) « x iogiogi°g^ = 

e (logx)(logloglo ga; ) j but ig nQt compact Qn if $( x ) « x logl°g^ = e (log*)(loglo ga ^ 

Remark that this condition (|5.2p is almost the same as condition (|3.12|) : in 
l|5.2p one is requiring the condition to be satisfied for some 9 > 0, whereas in 
(|3. 12|) one is requiring it to be satisfied for every e > (see however the remark 
at the end of this Section). The little- oh assumption in (|5,2p is actually not very 
important: suppose that, for every A > 1, one has \&(Ait) < C ^(u)[log^f(u)] e 
for u > ua (we need a uniform constant C > 0), then, for every A > 1, the 
convexity of 4" gives, for every e > 0, ^(Ati) < ^(A-it), with A E = A/e; hence 
we get \I/(Ay) < C e^(u)[\og^(u)] e , and the little-oh property follows. 

Note that, since C<$, 6 is in S p for p > 4/0 ([7], Proposition 5.3), Theorem l5.ll 
is an improvement of Proposition 13. 4} since (|5,2p is not satisfied if and only if 
there exists some A > 1 such that limsup^^ w^gj^CTp > 0j which is of 
course implied by condition (|3.13p : 

Theorem 5.2 Let p > and 6> > 4/p. Assume that the Orlicz function \& 
satisfies, for some A > 1, i/ie condition: 

4 (At) 

(5.3) lim sup fl > 0. 

z^oo *(x)[log*(x)] e 

TTien ifte composition operator C^ e , which is in S P (H 2 ), is not compact on H 9 . 

If the Orlicz function VP satisfies condition A , then condition (|5.3p is sat- 
isfied. 

Remark that, for 9 > 2, Theorem 15.21 improves Corollary 3.26 of [6j. Recall 
that the Orlicz function \& satisfies the condition A 1 if there is a constant A > 1 
such that x*(x) < ty(Ax) for x large enough (see [6], § 2.1). 

Proof of Theorem I5.2L The first part was explained before the statement. 
For the second part, assume that, for every A > 1, condition (|5.2p is satisfied; 
in particular, we should have, for some uq > 0: 

(5.4) 9(Au) < *(w)(log*(u)) e , u>u . 
Let 

p„ = *(A n ) and l n = \ogp n . 
One has then, by l|5.4p . for n large enough: 

Pn+i < Pn^ogpn) 6 and l n+ i <l n + 9logl n . 
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Let 

dx 

h(t) 



Ologx 



One has, since h! decreases: 



< h(l n+1 ) - h(l n ) < {l n+1 - l n )h'{l n ) < (0 logZ n )- — r < 1. 

log l n 



Hence h(l n ) < n, i.e.: 



dx ^ 



Ologx 

Since this integral is > e ^ ^ , we get: 



(5.5) 
Hence: 

and so: 



log* (A") 
9 log log* (A™) 



< 



loglog*(A") - log log log* (A™) < logn, 



log log* (A") 
lim sup < 1 . 

n^oo Wgn 



On the other hand, *(A n ) > A™, ie. log*(A") > nlogA. 
Therefore log log* (A™) ~ logn, and hence, using (|5.5p : 

log* (A™) < 26»nlogn. 

But this prevents * from satisfying the condition A 1 : if * G A 1 , there exists 
A > 1 such that u*(u) < *(Au) , for u large enough, and this implies, for n 
large enough, that A"*(A n ) < *(A™ +1 ), and hence A"(" +1 )/ 2 *(A) < *(A"), 
so that log* (A") > n 2 . □ 

Remark. As a consequence of Theorem I5.1[ one has the following striking 
result. 

Corollary 5.3 There exists an Orlicz function * such that H 3+£ C iJ* C H 3 
for every e > 0, and a composition operator C<f, which is compact on H 3 and on 
H 3+e , but not compact on H 9 . 

Remark. It is known ([13J , Theorem 6.1), that the compactness of on H Pa 
for some po < °° implies its compactness on H p for all p < oo; this result follows 
from the Riesz factorization Theorem. It follows from Corollary 15.31 that there 
is no such factorization for Hardy-Orlicz spaces in general. 

Proof. Consider the symbol (f> — <fig. The compactness of from H 2 into 
itself implies its compactness from H p into itself for every p > 1; in particular 
its compactness on H 3 and on H 3+£ . 
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Let now \& the Orlicz function contracted in [5J. This function is such that 
x 3 /3 < ty(x) for all x > 0, but ^(n!) < (n!) 3 for all positive integer n > 1. 
Condition (|5.2j) is not satisfied when < 1 because \& (3. fc!) > fc.(/c!) 3 and 

tf(*!)pog¥(fc!)]° < (fc!) 3 [31og(fc!)f < (fc!) 3 (fclogfc) 9 ; 

hence C^ e is not compact on /f* if 8 < 1. □ 



Remark. Condition l|5.2p depends on 0, but if $ is regular, the compactness of 
C^g on if* does not actually depend on 8, because, writing: 

one gets: 



T ,, v ^ < log 4- « 6/2 or else / \ < log * (u 6 
Hence, if \& satisfies the following condition of regularity: 
(5-6) !^<M, VA>1,V«>Q, 

we get, for every ^4 > 1 and every u > 0: 



-%T~ [log * (u)] / ' 

and condition (|5,2p remains true by replacing 8 with 8/2. 

Note that condition l|5.6p is satisfied whenever the Orlicz function ^ satisfies 
the condition Vo defined in [6], Definition 4.5; indeed, by Proposition 4.6 of [6], 
\& satisfies Vo if and only if there exists some uq > such that, for every j3 > 1, 
there exists > 1 such that: 

This condition implies l|5.6p . by taking /3 = \J~A and w = \/~Au, since, by con- 
vexity, i&ipCpv) < CpV(J3v). 

When we impose in condition l|5.6p an inequality with factor 1, for u large 
enough, one has: 

[9(VAu)] 2 < *(Att) , VA>l,Vtt>tt , 
and if one sets u — e x and Au — e y , we get: 



log* 



exp(^p)] < -[log*(e x )+logtf(e"')] , x < x < y, 



which means that the function k(x) = \og^(e x ) is convex for x large enough. 
By [6], Proposition 4.7, that means that the Orlicz function * satisfies the 
condition Vo with constant 1. This regularity condition is satisfied, for example 
if =x p ,p> 1, or = c 0°g(z+i)) Q _ i f or e i se $( x ) = e xa -1, a> 1. 



14 



6 Comparison with H c 



It is well-known, and easy to see, that is compact on H°° if and only if 
|| oo < 1- For composition operators, if 00 is a very special case; indeed, one 



has: 



Proposition 6.1 

1) Given any analytic self-map <fi: D — > D such that \\4>\\oo = 1, iftere exists 
an Orlicz function 9 such that is not compact on ff*. 

2j Given any Orlicz function 9, there exists an analytic self-map <f>: D — > D 
smc/i ifta£ || 0|| oo = 1 and for which is compact on if*. 

Proof. 1) Since ||0||oo = 1, one has p<j>{h) > for every < h < 1. 

We construct piecewise a strictly convex function \P: [0, +oo[— > M + such 
that: 

•<*•"> ^Jtfi/W 

Then, if /i„ = l/*(2 n ), one has h n -> 0, and 



*(2*-i(l/ft„)) 



It follows from [6], Theorem 4.18, that is not compact on if*. 

2) Let a G M*(T), the Morse- Transue space (see [6]) a positive function 
such that a £ L°°(T) and such that f oa>2, and let: 



h = l- 



1 



* o a 

Since a is not essentially bounded, one has ||/i||oo = 1- Moreover, one has 
h > 1/2, so log/i is integrable; we can hence define the outer function: 



(z) = exp 



u + z 

Y U — Z 



log h(u) dm{u) 



z < 1. 



One has |</>*(e l6, )| = h(e l6 ), so </> is an analytic self-map from D into D, and 
Halloo = !• Since, for every A > 0: 



1 



1-10* 



is integrable, because a 6 M*(T), the composition operator is M*-order 
bounded (see jfj], Proposition 3.14), and hence is compact on if*. □ 
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